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The dynamics of dissipative topological defects in a system of coupled phase oscillators, arranged
in one and two-dimensional arrays, is numerically investigated using the Kuramoto model. After
an initial rapid decay of the number of topological defects, due to vortex−anti-vortex annihilation,
we identify a long-time (quasi) steady state where the number of defects is nearly constant. We
find that the number of topological defects at long times is significantly smaller when the coupling
between the oscillators is increased at a finite rate rather than suddenly turned on. Moreover, the
number of topological defects scales with the coupling rate, analogous to the cooling rate in Kibble-
Zurek mechanism (KZM). Similar to the KZM, the dynamics of topological defects is governed
by two competing time scales: the dissipation rate and the coupling rate. Reducing the number
of topological defects improves the long time coherence and order parameter of the system and
enhances its probability to reach a global minimal loss state that can be mapped to the ground
state of a classical XY spin Hamiltonian.
I. INTRODUCTION
Topological defects occur in many fields including
atomic and molecular physics, condensed matter, cos-
mology, cold atoms, fluids mechanics, spin systems and
optics [1–6]. They appear across a phase transition and
limit the order of systems. Their origin and behavior
were first characterized by the Kibble-Zurek mechanism
(KZM) as a system quenched across a phase transition
into an ordered state via competing time scales [7–9].
In the KZM, the number of topological defects obeys a
power law as a function of the quench rate. This power
law was related to the critical exponent associated to the
correlation length and the relaxation time of the system
in a universal manner [8, 10].
The KZM was investigated in diverse environments:
atomic gases [11–13], condensed matter systems [9, 14]
and nonlinear optics [15]. Observing the KZM experi-
mentally is subject to strong limitations, the cooling rate
must be slow enough to keep the system homogeneous
but not too slow to prevent finite size effect [11]. In
particular for systems cooled from the outside this im-
plies limitations into the interesting regime of fast cool-
ing, where the system fails to maintain cooling uniformity
[11, 12, 14, 16, 17].
Recently, dissipative topological defects were numer-
ically and experimentally investigated using a one-
dimensional ring array of phased-locked lasers, where
their formation was shown to be related to the KZM in a
universal manner by two competing time scales [18]. The
ratio between these two time scales depends on the sys-
tem parameters, with which it is possible to enable the
system to dissipate to a fully ordered, defect-free state
that can be exploited for solving computational prob-
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lems in various fields [19]. The dissipative topological
defects were investigated with a fixed coupling between
the lasers but intensity fluctuations acted as an effective
heat bath with controllable cooling rate. The lasers plat-
form is essentially a system of coupled oscillators where
the formation of topological defects occurs without ex-
ternal cooling. They reach a stable phase-locked state
due to a dissipative coupling that minimizes the loss of
the system, and can be mapped to the ground state of
a classical XY spin Hamiltonian [19–21]. With a com-
plex landscape of many local minima, the system does
not reach the ground state solution and remains stuck in
local minima. For the ring geometry, these local minima
have a nonzero topological charge (winding number) and
were defined as dissipative topological defects [18, 22, 23].
Under the assumption of constant field amplitudes, such
coupled lasers are well approximated as Kuramoto phase
oscillators [21, 24].
In this paper, we investigated the dynamics of topo-
logical defects in one and two-dimensional arrays of cou-
pled oscillators, where we varied the coupling strenght
in time to correspond to temperature variation in the
KZM. In our investigation, we used the Kuramoto model
[25], where we assumed that all oscillators have the same
amplitude and interact with nearest neighbors only. We
swept the coupling in time at different rates to observe
the dynamics of dissipative topological defects, and then
established their connections with KZM where uncou-
pled oscillators are equivalent to the infinite temperature
state and strongly coupled phase-locked oscillators are
equivalent to a zero temperature state. In addition to
the variation of the coupling, we showed that introduc-
ing disorder at the initial state leads to a more ordered
stable state.
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2II. ARRAY OF COUPLED OSCILLATORS AND
THE KURAMOTO MODEL
The Kuramoto model describes the temporal evolution
of the phase of coupled oscillators [25, 26]. It was success-
fully applied in many areas such as neural networks, com-
plex systems, chemical and biological oscillators [24, 25]
and recently in coupled lasers for observing topological
defects [18, 27]. The model is valid when all oscillators
are nearly identical and the coupling between them is
weak.
Our oscillators are coupled to their nearest neighbors
(NN) only [18]. Their phases evolve in time as a function
of the detuning and the coupling strength between the
oscillators:
dφm
d(t/τp)
= Ωmτp +
∑
n=(m)NN
Kmn sin(φn − φm), (1)
where φm is the phase of the m
th oscillator, Ωm is the
frequency detuning from a common frequency Ω0 = 0, τp
is the lifetime between two iterations, Kmn is the cou-
pling between oscillators m and n and the sum occurs
only on the nearest neighbors of the mth oscillator.
Equation (1) is solved using the fourth-order Runge-
Kutta method. The time is expressed in unit of itera-
tions T = t/τp and the initial phases of the oscillators
were chosen randomly between [−pi to pi]. Using Eq. (1),
we determined the dynamics of dissipative topological
defects in a square and ring array of coupled phase os-
cillators, we show the relation between time dependent
coupling strength and KZM, and we introduce disorder
into the system. The results are presented in section III
to VI.
III. DISSIPATIVE TOPOLOGICAL DEFECTS
IN A 2-D SQUARE ARRAY
We investigated the dynamics of dissipative topological
defects in a square array of M = 900 oscillators, using
Eq. (1) to calculate the phases evolution. A topologi-
cal defect is defined as either a vortex or an anti-vortex,
identified by using a defect number D, where D = 1 cor-
responds to a vortex and D = −1 to an anti-vortex (see
Appendix A). We assumed that there were no detuning
between the oscillators (Ωm = 0), and that the coupling
between the oscillators was kept constant Kmn = 0.1.
The results are presented in Fig. 1.
Figure 1(a) shows, for periodic boundary conditions,
the simulated time evolution (iteration unit T ) of
the phases of the oscillators (second column) and de-
fects (third column). As evident, the phases become
smoother with time due to the dissipative dynamics
and the number of phase singularities which connect
the smooth regions decrease. The dissipative dynam-
ics involve vortex−vortex, anti-vortex−anti-vortex, and
FIG. 1. Dynamics of topological defects in a square array of
900 (30×30) coupled oscillators with a) periodic and b) open
boundary conditions. The second and fourth columns show
the evolution in time of the phases and the third and fifth
columns show the evolution of the topological defects. Ini-
tially (T = 1), the number of topological defects is large, but
as the iterations increase the number of topological defects
decrease. The green dashed circles surround a pair of topo-
logical defects in which vortex and anti-vortex attract each
other and eventually are annihilated. In the open bound-
ary case, the yellow circles surround topological defects which
eventually dissipate into the boundaries. In the simulation,
the initial phases of the oscillators were uniformly distributed
in the range [−pi to pi], Ω=0, and K = 0.1.
vortex−anti-vortex interactions, where same charges re-
pel each other, and opposite charges attract each other.
Accordingly, vortex−anti-vortex attraction forms cou-
pled pairs (surrounded by the green dashed circles in the
third column of Fig. 1 that eventually annihilate. This
annihilation process follows a well-defined potential, with
logarithmic scaling [28]. After a long time (T > 95000),
few topological defects remain and the large distance be-
tween them critically slows down the anihilation process,
leading to a quasi steady-state (stable state). The aver-
age distance between the topological defects can be then
related to a correlation length thereby indicating the co-
herence of the system [11]. As the number of topological
defects decrease, the distance between a pair and the cor-
3FIG. 2. The number of topological defects as a function of
time for the square array shown in Fig. 1, with periodic and
open boundaries. The number of topological defects decreases
rapidly and later slowly, which indicates the existence of two
time scales. Note the logarithmic scale along the horizontal
axis.
relation length of the system increase. Figure 1(b) shows
the simulated results for open boundary conditions. The
same dissipative dynamics as for the periodic boundary
conditions is observed. However, some topological de-
fects dissipate into the boundaries. These are shown by
the yellow star circles in the last column of Fig. 1. As the
system size is larger, the difference between periodic and
open boundary conditions becomes smaller. In the ther-
modynamic limit (and also for a square array of 40000
oscillators that we study below), there is no difference
between the periodic and open boundary conditions.
Figure 2 shows a quantitative time evolution of the
number of topological defects for both periodic and open
boundary conditions. As evident, the number of topo-
logical defects is large in the initial state (T = 1), and
decreases in time due to the dissipative dynamics, until
only few topological defects remain in the stable state
(T = 95000). For the periodic boundary conditions,
Fig. 2(a), both the number of vortices and anti-vortices
curves overlap in time, indicating that they can only dis-
sipate by annihilating each other. For the open bound-
ary conditions, Fig. 2(b), the number of vortices differs
slightly from the number of anti-vortices indicating that
topological defects can also dissipate into the boundaries.
To quantify the ordering in the system, we calculated
the order parameter [25, 26]:
r =
1
M
∣∣∣∣∣∣
M∑
m=1
eiφm
∣∣∣∣∣∣ , (2)
where the sum occurs over all M oscillators. Equation (2)
represents the analog of thermal averaging for a classical
spin-system [21]. The order parameter r is in the range
[0 to 1]. When r = 1, all the oscillators have the same
phase, i.e. a fully ordered state. Topological defect re-
duces the order parameter of the system.
Using Eq. (2), we calculated the evolution in time of
the order parameter in the square array of coupled oscil-
lators shown in Fig. 1 with periodic and open boundary
conditions. The results are presented in Fig. 3. As shown,
the order parameter increases from a low value (initial
state) to a finite value (stable state). The higher stable
state order parameter for the open boundaries (0.4 versus
0.15) is consistent with the smaller number of topological
defect in Fig. 2, due to the boundary dissipation.
FIG. 3. The evolution of the order parameter as a function
of time for the square array shown in Fig. 1, with periodic
and open boundaries. The order parameter increases with
time, corresponding to the decrease in time of the number of
topological defects.
IV. TIME-DEPENDENT COUPLING
STRENGTH
Next, we introduced time varying coupling (coupling
rate) as an analogue of cooling rate in KZM [29]. For
non-zero detuning, below a certain coupling strength the
oscillators remain unsynchronized [30–32], in a disorder
state. For coupling higher than a characteristic critical
coupling, the oscillators phase-lock, to form an ordered
state. Thus, varying coupling with time across the tran-
sition from disordered state to an ordered state, provides
a more direct analogy to KZM [9]. Time varying coupling
can be given as:
K(T ) =
{
CT, if CT ≤ Kmax
Kmax, otherwise
(3)
where C is the quench rate, Kmax = 2.5 is the maximal
coupling (arbitrarily chosen). An infinite quench rate
corresponds to a sudden jump in the coupling strength.
Using Eq.(1), we investigated the dynamics of dissipa-
tive topological defects and KZM for a square array of
M = 40000 oscillators with nearest neighbors coupling.
The detuning between the oscillators was randomly cho-
sen in the range [0 to Ωmax ≈ τ−1p pi/8] and the coupling
was increased in time according to Eq. (3). For this large
system size, periodic and open boundary conditions give
the same results.
The results for the periodic boundary conditions are
presented in Fig.4. Figure 4(a) shows the number of
topological defects as a function of time. At very high
quench rate C = 80 × 10−4, the dynamics of the num-
ber of topological defects is similar to those of constant
4FIG. 4. The defects dynamics in a square array of 40000
(200 × 200) oscillators, with periodic boundaries, for four
different quench rates of the coupling. a) The number of
topological defects as a function of time. b) Correspond-
ing evolution in time of the order parameter. The results
were obtained by averaging over six different realizations. For
each realization, the initial conditions of phases were chosen
in the range of [−pi to pi] and the detuning in the range of
[0 to Ωmax ≈ τ−1p pi/8].
coupling (Fig. 2). Such high quench rate corresponds to
an early sudden jump of the coupling (see Fig. 10(a) of
Appendix A). As the quench rate is lowered, the number
of topological defects starts to decrease later but eventu-
ally reaches a lower value at the stable state. This long
time crossing is also evident in the corresponding time
evolution of order parameter, as shown in Fig. 4(b).
In the stable state, the observation of increased topo-
logical defects with the increase in coupling rate is analo-
gous to the KZM, where there are more defects at higher
cooling rate [9]. We verified these observations for differ-
ent system size (number of oscillators), and found a simi-
lar behaviour (see Appendix B), where the initial number
of topological defects and the number of topological de-
fects at the stable state increase with the system size (see
Appendix C).
We also determined the density of defects at the stable
state as a function of the quench rate, where the density
of defects is defined as the number of topological defects
divided by the total number of oscillators. The results
are presented in Fig. 5. As evident, the density of defects
at the stable state saturates beyond C ≈ 5×10−4. As the
quench rate decreases, the density of defects is reduced.
Next, we calculated the density of defects as a function
of time for different maximal detuning Ωmax. The results
are presented in Fig. 6. As evident, when Ωmax is very
small, the system converges to the same number of topo-
logical defects for all quench rates. As Ωmax increases,
there is more inversion of the two competing time scales
and less topological defects at long times, indicating an
increase of the ordering of the system in stable state.
Such effect was demonstrated in a disorder-induced or-
dering phenomena [33–35].
FIG. 5. Density of defects in the stable state (T = 35000) as a
function of quench rate for a square array of 40000 oscillators.
The results were obtained by averaging over six different real-
izations. For each realization, the initial conditions of phases
was chosen in the range of [−pi to pi] and the detuning in the
range of [0 to Ωmax ≈ τ−1p pi/8].
FIG. 6. Density of defects as a function of time for a square
array of 40000 oscillators, for different coupling rates C and
detuning spread Ωmax. The inversion of two time scales in
the slow decay regime of defects becomes significant as the
detuning becomes stronger. The results were obtained by
averaging over six different realizations. For each realization,
the initial conditions of phases was chosen in the range of
[−pi to pi] and the detuning in the range of [0 to Ωmax].
V. TIME-DEPENDENT DETUNING
In this section, we exchange the role of the coupling
strength and the detuning between the oscillators in the
KZM. Specifically, we use the maximal detuning Ωmax
as the control parameter (linearly varied in time) and let
the coupling strength between the oscillators be constant
5FIG. 7. Density of defects as a function of time for different
quench rates of the detuning spread and coupling strengths for
a square array of 40000 oscillators. The results were obtained
by averaging over six different realizations.
in time. Specifically:
Ωmax(T ) =
{
[1− CT ] τpΩmax, if [1− CT ] ≥ 0
0, otherwise.
(4)
After incorporating Eq. (4) into Eq. (1), we calculated
the density of defects as a function of time for different
quench rates of Ωmax and (constant) coupling strengths
K. The results are presented in Fig. 7. As evident, when
K is small, the system converges to the same number of
topological defects for all quench rates. As K increases,
there is more inversion of the two competing time scales
and less topological defects at long times, indicating an
increase of the ordering of the system in stable state.
Comparing the results of Fig. 6 and Fig. 7 confirm that
quenching the coupling strength in a fixed spread of de-
tuning is equivalent to quenching the spread of detuning
in a fixed coupling strength. This reflects the close rela-
tion between maximal detuning and coupling strength in
the Kuramoto model.
VI. DISSIPATIVE TOPOLOGICAL DEFECTS IN
A ONE-DIMENSIONAL RING
In this section, we consider a one-dimensional ring ar-
ray geometry of M = 50 coupled oscillators, i.e. a chain
with periodic boundary conditions. The detuning be-
tween the oscillators is randomly initialized in the range
of [0 to Ωmax ≈ τ−1p pi34 ]. The coupling strength between
the oscillators varies linearly in time, Eq. (3), and the
coupling occurs over nearest neighbors oscillators only.
FIG. 8. Two examples of the phases of 50 oscillators in a ring
array at the stable state (T = 150000), as obtained from two
different realizations. For each realization, the initial condi-
tions of phases was chosen in the range of [−pi to pi] and the
detuning in the range of [0 to Ωmax ≈ τ−1p pi34 ]. The coupling
was varied linearly in time with a quench rate of C = 3×10−6.
For a ring array geometry, the defect number D is glob-
ally defined for the whole array as [18, 22]:
D =
1
2pi
M∑
m=1
{φm+1 − φm} , (5)
where {} wrap angle in [−pi to pi]. D > 0 corresponds
to a vortex and D < 0 to an anti-vortex. After incor-
porating Eq. (3) into Eq. (1), we calculated the phases
of the 50 oscillators at the stable state (T = 150000)
for two different realizations, each with a different ini-
tial phase distribution, and both with a quench rate of
C = 3× 10−6. The results are presented in Fig. 8. Two
different stable states are observed: a vortex in Fig. 8(a)
with D = 1 and r ≈ 0; and an in-phase-locked state in
Fig. 8(b) with D = 0 and r ≈ 1.
FIG. 9. Probability of having topological defects as a function
of quench rate for a ring of 50 oscillators. For each quench
rate, the probability of defects was determined from 1500 real-
izations. For each realization, the initial conditions of phases
was chosen in the range of [−pi to pi] and the detuning in the
range of [0 to Ωmax ≈ τ−1p pi34 ].
The statistics on the number of topological defects is
obtained by averaging over 1500 realizations. The prob-
ability of having a topological defect is the ratio of the
number of realizations that lead to a topological defect
6at the stable state over the total number of realizations.
The results are presented in Fig. 9. As evident, the prob-
ability of having topological defects at the stable state
saturates to about 70% at quench rates C = 4×10−6 and
above. For lower quench rates, the probability of having
topological defects monotonically decreases, in analogy
to KZM in one dimension [18]. However, as the quench
rate goes to zero, the probability of having a topological
defect approaches a finite non-zero value (≈ 0.15 for our
system). This value grows up for lower values of Ωmax
indicating the need of finite detuning spread to suppress
topological defects for slow quench rates.
VII. CONCLUDING REMARKS
We numerically investigated the dynamics of dissipa-
tive topological defects in one and two-dimensional arrays
of coupled oscillators, by using the Kuramoto model. An
analogy with the Kibble-Zurek mechanism was shown,
where the dynamics of the topological defects was gov-
erned by two competing time scales and their density
scaled with the coupling rate. In the short time scale
regime, the number of topological defects rapidly de-
creased in time with increasing coupling strength. How-
ever, in the stable state, the number of topological de-
fects reduced with the coupling rate. This reduction de-
pends both on the detuning between the oscillators and
coupling rate. For a certain coupling rate, introducing
detuning between the oscillators initially in the system
lead to a more ordered stable state with less topological
defects (disorder-induced ordering).
In the Kibble-Zurek mechanism, the number of topo-
logical defects obeys a power law as a function of the
quench rate. This power law was related to the critical
exponents associated to the correlation length and the
relaxation time of the system. Accordingly, we plan to
extend our investigations to determine whether the scal-
ing of our system will exhibit any power-law behavior,
and so as directly resemble the Kibble-Zurek mechanism.
Then, we could analyze the critical exponents of scaling
behavior, and find the universality class of coupled phase
oscillators with dissipative topological defects.
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Appendix A: Defect number D for a square array
and time evolution of coupling and detuning.
For a square array of coupled oscillators, the defect
number Dij is defined for each oscillator of the array, as:
D
ij
= 12pi
[
{φ
i(j+1)
− φ
ij
}+ {φ
(i+1)(j+1)
− φ
i(j+1)
}
+{φ
(i+1)j
− φ
(i+1)(j+1)
}+ {φ
ij
− φ
(i+1)j
}
]
,(A1)
where the brackets {} wrap phases in the range of
[−pi to pi], i the row number and j the column number
(i and j in the range of [1 to M ]). For a ring array of
coupled oscillators, the defect number D is defined by
Eq. (5) for the whole array.
We calculated the coupling strength and detuning as a
function in time using Eq. (3) and Eq. (4). The results
are presented in Fig. 10. Figure 10(a) shows the variation
of coupling in time for the different quench rates that
were used to calculate the results of Figs. 4, 5 and 6.
Figure 10(b) shows the variation of detuning in time for
the quench rate that was used to calculate the results of
Fig. 7.
FIG. 10. Variation in time of the coupling strength and de-
tuning for different quench rates. The quench rate determines
the speed of the linear variation of the coupling strength. Note
the logarithmic scale along the horizontal axis.
Appendix B: Dissipation of topological defects as a
function of array size
We calculated the number of topological defects as a
function of time for four different quench rates and for dif-
ferent sizes of the system (number of oscillators). Aside
from the system size, all other parameters were the same
as those used for obtaining the results of Fig. 4. The
results are presented in Fig. 11, where the number of
oscillators was relatively large and varied from 2000 to
60000. As depicted in Fig. 11, the smaller the system
size, the smaller the number of topological defects. Yet,
the inversion of the two competing time scales occurs at
the same time for the four different system sizes. Sur-
prisingly, the system size does not govern the inversion
of the two time scales.
7FIG. 11. The number of topological defects as a function
of time for different coupling rates and for different number
of oscillators. As evident, the number of oscillators in the
system does not affect the inversion of the two time scales,
provided that the system size (number of oscillators) is not
too small. The results were obtained by averaging over six
different realizations.
Appendix C: Distribution of the topological defects
at T=1
FIG. 12. Probability distribution of the number of vortices
at the initial state and the mean and variance of the Normal
fit as a function of the number of oscillators. a) Probability
distribution of the number of vortices at initial state (T =
1) for a square array of 200 × 200 oscillators, using 10000
realizations. b) Mean and variance of the Normal fit as a
function of the numbers of oscillators
We determined the probability distribution of the num-
ber of number of vortices, anti-vortices and topological
defects at the initial state (at T = 1). Since the defi-
nition of an anti-vortex is the opposite of a vortex, the
probability distribution of the number of vortices must
be identical to that of the number of anti-vortices, and
proportional to the distribution of the number of topo-
logical defects. For this reason, only the distribution of
the number of vortices at the initial state was considered.
The probability distribution was calculated using 10000
realizations, where in each realization the number of vor-
tices was calculated for a square array of M oscillators
with random phase initialized in the range [−pi to pi].
We calculated the probability distribution of the num-
ber of vortices at the initial state for a square array of
40000 oscillators and the mean and variance of the Nor-
mal fit as a function of the number of oscillators. The
results are presented in Fig. 12. Figure 12(a) shows the
probability distribution as a function of the number of
vortices at the initial state. As evident by the red curve,
the probability distribution fit well the Normal distribu-
tion. Using the Normal fit, we calculated the correspond-
ing mean µ and variance σ2 as a function of the number
of oscillators. The results are shown in Fig. 12(b). The
mean and the variance of the Normal fit are a linear func-
tion of the number of oscillators M [23].
[1] P. Coullet, L. Gil, and F. Rocca, Optical vortices, Opt.
Commun. 73, 403 (1989).
[2] N. D. Mermin, The topological theory of defects in or-
dered media, Rev. Mod. Phys. 51, 591 (1979).
[3] A. del Campoand W. H. Zurek, Universality of phase
transition dynamics: Topological defects from symmetry
breaking, Int. J. of Mod. Phys. A 29, 1430018 (2014).
[4] A. U. Thomann, V. B. Geshkenbein, and G. Blatter,
Vortex dynamics in type-ii superconductors under strong
pinning conditions, Phys. Rev. B 96, 144516 (2017).
[5] L. Giomi, M. J. Bowick, X. Ma, and M. C. Marchetti,
Defect annihilation and proliferation in active nematics,
8Phys. Rev. Lett. 110, 228101 (2013).
[6] K. Pyka, J. Keller, H. L. Partner, R. Nigmatullin,
T. Burgermeister, D. M. Meier, K. Kuhlmann, A. Ret-
zker, W. H. Plenio, M. B.and Zurek, A. del Campo,
and T. E. Mehlsta¨ubler, Topological defect formation and
spontaneous symmetry breaking in ion coulomb crystals,
Nat. Commun. 4, 2291 (2013).
[7] T. W. B. Kibble, Topology of cosmic domains and strings,
J. of Phys. A: Math. and Gen. 9, 1387 (1976).
[8] W. H. Zurek, Cosmological experiments in superfluid he-
lium?, Nature 317, 505 (1985).
[9] S. M. Griffin, M. Lilienblum, K. T. Delaney, Y. Kuma-
gai, M. Fiebig, and N. A. Spaldin, Scaling behavior and
beyond equilibrium in the hexagonal manganites, Phys.
Rev. X 2, 041022 (2012).
[10] W. Zurek, Cosmological experiments in condensed mat-
ter systems, Physics Reports 276, 177 (1996).
[11] N. Navon, A. L. Gaunt, R. P. Smith, and Z. Hadzibabic,
Critical dynamics of spontaneous symmetry breaking in
a homogeneous bose gas, Science 347, 167 (2015).
[12] L. E. Sadler, J. M. Higbie, S. R. Leslie, M. Vengalattore,
and D. M. Stamper-Kurn, Spontaneous symmetry break-
ing in a quenched ferromagnetic spinor bose-einstein con-
densate, Nature 443, 312 (2006).
[13] L. Corman, L. Chomaz, T. Bienaime´, R. Desbuquois,
C. Weitenberg, S. Nascimbe`ne, J. Dalibard, and
J. Beugnon, Quench-induced supercurrents in an annular
bose gas, Phys. Rev. Lett. 113, 135302 (2014).
[14] R. Monaco, J. Mygind, R. J. Rivers, and V. P. Koshelets,
Spontaneous fluxoid formation in superconducting loops,
Phys. Rev. B 80, 180501 (2009).
[15] S. Ducci, P. L. Ramazza, W. Gonza´lez-Vin˜as, and
F. T. Arecchi, Order parameter fragmentation after a
symmetry-breaking transition, Phys. Rev. Lett. 83, 5210
(1999).
[16] P. C. Hendry, N. S. Lawson, R. A. M. Lee, P. V. E. Mc-
Clintock, and C. D. H. Williams, Generation of defects in
superfluid 4he as an analogue of the formation of cosmic
strings, Nature 368, 315 (1994).
[17] M. E. Dodd, P. C. Hendry, N. S. Lawson, P. V. E. Mc-
Clintock, and C. D. H. Williams, Nonappearance of vor-
tices in fast mechanical expansions of liquid 4he through
the lambda transition, Phys. Rev. Lett. 81, 3703 (1998).
[18] V. Pal, C. Tradonsky, R. Chriki, A. A. Friesem, and
N. Davidson, Observing dissipative topological defects
with coupled lasers, Phys. Rev. Lett. 119, 013902 (2017).
[19] A. Marandi, Z. Wang, K. Takata, R. L. Byer, and Y. Ya-
mamoto, Network of time-multiplexed optical parametric
oscillators as a coherent ising machine, Nat. Photon. 8,
937 (2014).
[20] V. Eckhouse, M. Fridman, N. Davidson, and A. A.
Friesem, Loss enhanced phase locking in coupled oscil-
lators, Phys. Rev. Lett. 100, 024102 (2008).
[21] M. Nixon, E. Ronen, A. A. Friesem, and N. Davidson,
Observing geometric frustration with thousands of cou-
pled lasers, Phys. Rev. Lett. 110, 184102 (2013).
[22] V. Pal, C. Trandonsky, R. Chriki, G. Barach, A. A.
Friesem, and N. Davidson, Phase locking of even and
odd number of lasers on a ring geometry: effects of
topological-charge, Opt. Express 23, 13041 (2015).
[23] D. A. Wiley, S. H. Strogatz, and M. Girvan, The size of
the sync basin, Chaos 16, 015103 (2006).
[24] J. A. Acebro´n, L. L. Bonilla, C. J. P. Vicente, F. Ritort,
and R. Spigler, Rev. Mod. Phys. 77, 137 (2005).
[25] Y. Kuramoto, Chemical Oscillations, Waves, and Turbu-
lence (Springer-Verlag Berlin Heidelberg, 1984).
[26] S. H. Strogatz, From kuramoto to crawford: exploring
the onset of synchronization in populations of coupled
oscillators, Physica D 143, 1 (2000).
[27] V. Flovik, F. Macia`, and E. Wahlstro¨m, Describing syn-
chronization and topological excitations in arrays of mag-
netic spin torque oscillators through the kuramoto model,
Sci. Rep. 6, 32528 (2016).
[28] R. Hamerly, K. Inaba, T. Inagaki, H. Takesue, Y. Ya-
mamoto, and H. Mabuchi, Topological defect formation
in 1d and 2d spin chains realized by network of opti-
cal parametric oscillators, Int. J. of Mod. Phys. B 30,
1630014 (2016).
[29] Y. Takeda, S. Tamate, Y. Yamamoto, H. Takesue, T. In-
agaki, and S. Utsunomiya, Boltzmann sampling for an xy
model using a non-degenerate optical parametric oscilla-
tor network, Quantum Sci. Technol. 3, 014004 (2018).
[30] M. Nixon, M. Fridman, A. A. Friesem, and N. Davidson,
Enhanced coherence of weakly coupled lasers, Opt. Lett.
36, 1320 (2011).
[31] L. Fabiny, P. Colet, R. Roy, and D. Lenstra, Coher-
ence and phase dynamics of spatially coupled solid-state
lasers, Phys. Rev. A 47, 4287 (1993).
[32] P. C. Matthewsand S. H. Strogatz, Phase diagram for the
collective behavior of limit-cycle oscillators, Phys. Rev.
Lett. 65, 1701 (1990).
[33] P. W. Anderson, Absence of diffusion in certain random
lattices, Phys. Rev. Lett. 109, 1492 (1958).
[34] M. P. A. Fisher, P. B. Weichman, G. Grinstein, and D. S.
Fisher, Boson localization and the superfluid-insulator
transition, Phys. Rev. B 40, 546 (1989).
[35] I. Guillamon, R. Co´rdoba, J. Sese´, J. M. De Teresa, M. R.
Ibarra, S. Vieira, and H. Suderow, Enhancement of long-
range correlations in a 2d vortex lattice by an incommen-
surate 1d disorder potential, Nat. Phys. 10, 851 (2014).
